We calculate the Wigner functions for a quark target dressed with a gluon. These give a combined position and momentum space information of the quark distributions and are related to both generalized parton distributions (GPDs) and transverse momentum dependent parton distributions (TMDs).
I. INTRODUCTION
In classical physics, a system of particles can be described in terms of phase space distributions, which represent the density of particles at a point in the phase space at a given time.
In quantum mechanics, position and momentum operators do not commute and they cannot be determined simultaneously. Thus in quantum mechanics one cannot define phase space distributions. Wigner distributions in quantum mechanics have been introduced long ago [1] , which can be thought of as quantum mechanical phase space distributions, however it cannot be interpreted as probability distribution for the reason above and is not positive definite.
Wigner distributions become classical phase space distributions in the limit h → 0. A quantum mechanical Wigner distribution for the quarks and gluons in the rest frame of the nucleon was introduced in [2, 3] . Reduced Wigner functions are obtained from the seven dimensional most general Wigner distributions by integrating the minus component of the momentum. Reduced
Wigner distributions are functions of three position and three momentum variables and as discussed above are not measurable. To obtain measurable quantities one has to integrate over more variables. Integrating out the momentum variables one can relate the reduced Wigner distributions to generalized parton distributions (GPDs) and integrating out the position variables one gets the transverse momentum dependent parton distributions (TMDs). Thus the Wigner distributions can be thought of as more general mother distributions in which both position and momentum space information of quarks and gluons are encoded.
Wigner distributions are related to the generalized transverse momentum dependent correlation functions (GPCFs) [4, 5] of the nucleon, which are the fully unintegrated, off-diagonal quark-quark correlators. An overlap representation for the above using model light-front wave functions has been studied in [6] . If one integrates over the minus component of the momentum (light-cone energy) one gets the generalized transverse momentum dependent parton distributions (GTMDs). These are functions of the 3-momentum of the quark and the momentum transfer to the nucleon ∆ µ . In [7] the authors introduced five dimensional Wigner distributions in infinite momentum frame by integrating the GTMDs over the momentum transfer in the transverse direction ∆ ⊥ . These Wigner distributions are functions of the two position and three momentum variables. Working in infinite momentum frame, or equivalently using the light-cone formalism has several advantages as the transverse boosts are Galilean, or do not involve dynamics, and longitudinal boost is just a scale transformation [8] . So it is easier to have an intuitive picture of the parton distributions in the nucleon. As discussed before, Wigner distributions do not have probabilistic interpretation due to uncertainty principle. Integrating out one or more variables one can define new distributions that have probabilistic interpretation.
Depending on whether the nucleon and the quark is polarized or unpolarized several such distributions can be defined. In this work we shall restrict ourselves to longitudinal polarization's only. As Wigner distributions cannot be measured, model calculations are of importance to understand what kind of information about the quark-gluon correlation in the nucleon can be obtained from them as well as to verify to what extent various model dependent and model independent relations among various distributions are satisfied. However, integrating out more variables gives measurable quantities having the interpretation of probability densities. In [7] the Wigner distributions for quarks and gluons have been studied in light cone constituent quark model and in light-cone chiral quark soliton model. Both these models have no gluonic degrees of freedom and the Wilson line becomes unity.
Quark orbital angular momentum (OAM) contribution to the total spin of the nucleon has gained considerable attention since the EMC experiments [9] which showed that the quark intrinsic spin contribution was less than expected. Also recent polarized beam experiments suggest that the gluon polarization contribution to the total spin of the proton is very small.
Wigner distributions are related to the OAM carried by the quarks in the nucleon. As suggested from the experimental data, a substantial part of the spin of the nucleon comes from quark and gluon OAM. The issue of gauge invariance and experimental measurability of the OAM contribution complicates the issue of a full understanding of such contributions [10] .
Theoretically there exist mainly two definitions of OAM : one obtained from the sum rules of GPDs and the other, canonical OAM distribution in the light cone gauge. It has been shown in the literature that these two different distributions are projections of Wigner distributions with different choice of gauge links and they are related by a gauge dependent potential term [11] [12] [13] . In [14, 15] the canonical OAM in light-front gauge is shown to be related to the twist three GPDs. In this work we calculate the OAM using the Wigner distributions in light cone gauge and setting the gauge link to unity for a dressed quark; we also relate it to a previous calculation of canonical OAM in the same gauge.
The plan of the paper is as follows. In section II we calculate the Wigner distributions in he dressed quark model. In section III we calculate the OAM in the same model. We present the numerical results in section IV and conclusions in section V.
II. WIGNER DISTRIBUTIONS
The Wigner distribution of quarks can be defined as the two-dimensional Fourier transforms of the generalized transverse momentum distributions (GTMDs) [4, 7] 
where ∆ ⊥ is momentum transfer of nucleon in transverse direction and b ⊥ is 2 dimensional vector in impact parameter space conjugate to ∆ ⊥ . W [Γ] is the quark-quark correlator given by
We define the initial and final dressed quark state in the symmetric frame [16] where p + and σ defines the average longitudinal momentum of the target state and its polarization respectively.
+ is fraction of average longitudinal momentum of nucleon carried by the quark. In the symmetric frame the transverse momentum transfer(∆ ⊥ ) has the ∆ ⊥ −→ −∆ ⊥ symmetry.
Ω is the gauge link needed for color gauge invariance. In this work, we use the light-front gauge and take the gauge link to be unity. The symbol Γ represents the Dirac matrix defining the types of quark densities.
In this work, we calculate the above Wigner distributions in a quark state dressed with a gluon. The state can be expanded in Fock space in terms of multi-parton light-front wave functions (LFWFs) [17] 
where [dp] = dp
is the two particle (quark-gluon) light-front wave function (LFWF). σ 1 and σ 2 are the helicities of the quark and gluon respectively. The two particle LFWF is related to the boost invariant LFWF; Ψ 2 (x, q ⊥ ) = Φ 2 √ P + . These can be calculated perturbatively as [17] :
We use the two component formalism [18] ; χ is the two component spinor, m is the mass of the quark. In this work we investigate the Wigner distributions for unpolarized and longitudinally polarized nucleons and the relevant correlators are with Γ = γ + and γ + γ 5 . The single particle sector contributes through the normalization of the state, which is important to get the complete contribution at x = 1. In this work we calculate the contribution to the quark-quark correlator and the Wigner distribution from the two particle sector in the Fock space expansion. This is given by
where the Jacobi relation for the transverse momenta in the symmetric frame is given by
(1 − x). In this work we only consider the case of the target state (dressed quark) with longitudinal polarization. We use the symbol ρ λλ for Wigner distributions, where λ(λ ) is longitudinal polarization of nucleon(quark). These four Wigner distributions have been defined in [7] as
is the Wigner distribution of unpolarized quarks in unpolarized target state.
is the distortion due to longitudinal polarization of the target state.
represents distortion due to the longitudinal polarization of quarks, and
represents the distortion due to the correlation between the longitudinal polarized target state and quarks.
In our case, + e z and − e z correspond to helicity up and down of the target state, respectively.
In the model we consider, ρ LU = ρ U L and the final expression for the three independent Wigner distribution are as follows:
where A x , A y are x, y component of A ⊥ and
In all of the equations above we have taken the real part of the Fourier transform in Eq.(1). 
III. ORBITAL ANGULAR MOMENTUM OF QUARKS
In [4] it has been shown that the quark-quark correlator in Eq.(2) defining the Wigner distributions can be parameterized in terms of generalized transverse momentum dependent parton distributions (GTMDs). For the twist two case we have four GTMDs (F 1,i ) corresponding to γ + and four more for γ
Using the above two equations and Eq. (1) we calculate the GTMDs for the dressed quark model at twist two. We have used the Bjorken and Drell convention for gamma matrices. Using the two-particle LFWFs we obtain the final expression for the GTMDS as follows : 
where N = g 2 2(2π) 3 is the normalization constant.
The kinetic quark orbital angular momentum (OAM) is given in terms of the GPDs [19] as:
The GPDs in the above equation are defined at ξ = 0 or when the momentum transfer is purely in the transverse direction. GPDs in the model we consider have been already calculated in [20] , [21] , [22] , [23] , [24] . The kinetic OAM is related to the GTMDs [4] by the following relations :
Using the GTMDs calculated we have the following final expression for the kinetic orbital angular momentum of quarks in the dressed quark model:
where,
;
Here Q and µ are the upper and lower limits of the integration respectively, µ can be safely taken to be zero provided the quark mass is non-zero. In fact, we have taken µ to be zero.
Unlike the GTMDs F 1,1−3 , F 1,4 is not reducible to any GPDs or transverse-momentum dependent parton distributions (TMDs) in any limit. It is appearing purely at the level of the GTMDs and is related to the canonical OAM as shown in [7, 12, 25] :
We again give the final expression for the canonical quark OAM in the dressed quark model.
The above expression is in agreement with [17] , where the authors have calculated the quark canonical OAM using the same model neglecting the quark mass. Our results are also in agreement with [26] as well as a recent calculation in [27] . We thus confirm the conclusion in [27] in our model calculation that the GTMDs F 14 and G 11 exist and non-zero, in contrast to the arguments given in [28] . 
IV. NUMERICAL RESULTS
In all plots, we have integrated over x. In Fig. 1 we show the dependence of the Wigner distributions on the quark mass. We took the mass of the dressed quark to be the same as the bare quark. Here we have plotted the Wigner distributions versus the mass for fixed values of b ⊥ in GeV −1 and k ⊥ in GeV . Ideally the upper limit of the ∆ ⊥ integration should be infinity.
However we have imposed an upper cutoff ∆ max in the numerical integration. In Fig. 1 we have taken ∆ max = 1.0 GeV. Here b ⊥ = bĵ and k ⊥ = kĵ. For ρ U U in Fig. 1 (a) Again we see the same behavior as in Fig. 1 (a) , in the lower mass range ρ U U increases sharply for smaller k ⊥ . In fig. 1 (c) and fig. 1 (d) we have plotted the mass dependence for ρ LU with the same settings as for ρ U U . Since we choose k ⊥ = kĵ and because of the k x ∆ y − k y ∆ x we observe that the distribution has negative values but we do observe the same behavior as seen previously. Lastly in Fig. 1 (e) and Fig.   1 (f) we show the results for ρ LL . Since ρ U U and ρ LL only differ by a sign in their mass term as seen in Eqs. (11) (12) (13) , the results are nearly identical, as the mass term gives sub-dominant contribution. In all the plots of 1 we observe that at higher mass range the distributions are nearly independent of b ⊥ and k ⊥ values.
In Fig. 2 we show the 3D plots for the Wigner distribution ρ U U . In the numerical calculation for Eq.11 we have upper cut-off's ∆ 
we have integrated out the k x and b y dependence giving us the probability densities correlating k y and b x , this correlation is not restricted by uncertainty principle. Unlike in [7] we observe a minima at b x = 0 and k y = 0. In fact the minima is observed for all b x values for k y = 0. As ∆ max increases the minima gets deeper. The plots show that the probability of finding a quark with fixed k y and b x first increases away from k y = 0 and then decreases.
In Fig. 3 we show the 3D plots for the Wigner distribution ρ LU . This is the distortion of the Wigner distribution of unpolarized quarks due to the longitudinal polarization of the nucleon.
In fig. (3a) and ( and ∆ max ⊥ = 5.0 GeV respectively. Again we observe a dipole structure but the orientation is rotated in the k space when compared to the b space plots of Fig. (3a) and Fig. (3b) . As before the dipole magnitude increases with increase in ∆ max . In fig. (3e) and (3f) we show the plots in the mixed space. We observe the quadrupole structure in the mixed space like in [7] and the peaks increase in magnitude with increasing ∆ In Fig.6 we have shown the orbital angular momentum of quarks as a function of the mass. and l q z where both are giving negative values for the chosen domain of mass and also both the OAM increases with increasing mass. However the magnitude of the two OAM differs in our model, unlike the case in [7] , where the same had been calculated in several models without any gluonic degrees of freedom and the total quark contribution to the OAM were equal for both cases. Thus our simple model explicitly shows the contribution of the gluonic degrees of freedom to the OAM. In fact in [17] it was shown that in the model considered here, after the inclusion of the single particle sector of the Fock space (which contributes at x = 1), the gluon intrinsic helicity contribution to the helicity sum rule cancels the contribution from the quark and gluon OAM and the helicity sum rule is satisfied. Quark and gluon contribution to the OAM has been calculated recently also in [27] in this model.
V. CONCLUSION
In this work, we calculated the Wigner distributions for a quark state dressed with a gluon using the overlap representation in terms of the LFWFs. This is a simple composite spin-1/2 system which has a gluonic degree of freedom. Although the Wigner distributions in quantum mechanics are not measurable and do not have probabilistic interpretation, after integrating out some of the variables a probabilistic interpretation is possible to obtain. We calculated the Wigner distributions both for unpolarized and longitudinally polarized target and constituent quarks and showed the correlations in transverse momentum and position space.
We compared and contrasted the results with earlier calculation of Wigner distributions in light cone constituent quark model. We also calculated the kinetic quark OAM using the GPD sum rule and the canonical OAM and showed that these are different in magnitude, the difference is an effect of the gluonic degree of freedom. We also found that in the limit of zero quark mass our result for the canonical OAM agrees with that of [17] . Further work would involve calculating the Wigner distributions for the gluons and also including transverse polarization of the target and the quark.
